For the fractional diffusion-wave equation with the Caputo-Djrbashian fractional derivative of order α ∈ (1, 2) with respect to the time variable, we prove an analog of the principle of limiting amplitude (well-known for the wave equation and some other hyperbolic equations) and a pointwise stabilization property of solutions (similar to a well-known property of the heat equation and some other parabolic equations).
Introduction
The fractional diffusion-wave equation
is the Caputo-Djrbashian fractional derivative, that is
c 2014 Diogenes Co., Sofia pp. 881-896 , DOI: 10.2478/s13540-014-0203-3 describes the propagation of stress pulses in a viscoelastic medium [17] . Its properties are intermediate between those of the classical heat and wave equations. This equation and its generalizations have been studied by many authors (see [14, 15, 17, 20] for further references) who put their emphasis either on properties similar to those of parabolic equations, like the regularity properties, or those resembling hyperbolic equations, like the exponential decay of the fundamental solution outside the fractional light cone. Note that we use an expression for the fractional derivative of order from the interval (1, 2) , which is equivalent to the usual one (see the proof of Theorem 2.1 in [11] ) and contains explicitly the first derivative whose continuity is assumed for classical solutions of the equation (1.1).
In this paper devoted to asymptotic properties of solutions of the equation (1.1), we study two kinds of asymptotic behavior typical for hyperbolic and parabolic equations, respectively -the principle of limiting amplitude and the stabilization property. We find that the fractional diffusion-wave equation possesses both of them simultaneously.
The principle of limiting amplitude is a classical property of the wave equation on (0, ∞) × R 3 [23] extended later to more general equations and domains: if u(t, x) is a solution of the equation
where v is a solution of the equation −Δv = μ 2 v + f . Thus the solution u behaves asymptotically as the steadystate oscillation.
Turning to the equation (1.1) we have first to identify a counterpart of the oscillation t → e −iμt . It is remarkable that an appropriate system of functions is already known. It has the form ϕ ω (t) = E α (i α ω α t α ) where, as before, 1 < α < 2, E α is the Mittag-Leffler function, ω > 0. For these functions, D (α) [5, 11] ; we follow the notations from [11] different from those in [5] or [19] ). Note that the ray arg z = πα 2 is the only one, on which the function E α (z) has an oscillatory character; it has no zeroes on this ray ( [19] , Theorem 4.2.1). Moreover, there exists an extensive theory of integral transforms based on the kernel ϕ ω . In various aspects, this theory is parallel to the standard Fourier analysis; see [5, 8, 18] . Therefore the principle of limiting amplitude for the equation (1.1) is formulated as follows. We consider a solution of the Cauchy problem for the equation
. Under certain assumptions on F and the initial functions we prove that
The pointwise stabilization theorem for a solution u(t, x) of the Cauchy problem with the initial condition u(0, x) = u 0 (x) for the heat equation ∂u ∂t = Δu is formulated as follows (see [6] and the survey papers [4, 3] ).
Let u 0 be a continuous bounded function. The solution u(t, x) tends, for every x ∈ R n , to a constant c, as t → ∞, if and only if, for for every
Note that the wave equation does not possess this property; only certain means of a solution stabilize [9] . Stabilization properties resembling the above one hold for hyperbolic equations with dissipative terms [12, 13] .
In this paper we prove a stabilization property of solutions of the diffusion-wave equation (1.1) similar to that of the heat equation. Thus, in this respect the equation (1.1) is closer to parabolic equations.
Principle of limiting amplitude
Let us consider the equation
, ω > 0, and the initial conditions
We assume that the functions F, u 0 , u 1 are bounded; F is locally Hölder continuous; u 0 ∈ C 1 and its first derivatives are bounded and Hölder continuous with the exponent γ > 2 − α α ; u 1 is Hölder continuous. Under these assumptions, the problem (1.1),(2.1) possesses a classical solution u(t, x) [20, 15] . This means that u(t, x) belongs to C 2 in x for each t > 0; u(t, x) belongs to C 1 in (t, x), and for any x ∈ R n the fractional integral
is continuously differentiable in t for t > 0; u(t, x) satisfies the equation and initial conditions. Moreover, u(t, x) admits the integral representation
where the kernels satisfy the following estimates valid for 0 < t < ∞,
if n ≥ 5.
Here and below we denote by C, σ various positive constants.
In fact, in the study of asymptotic properties of the function (2.2) it would be possible to remove the above smoothness assumptions considering u as a kind of generalized solution.
Theorem 2.1.
Assume, in addition to the boundedness, that u 0 , u 1 , F ∈ L 1 (R n ), so that, in particular, F ∈ L 2 (R n ). Then the limit relation (1.2) is valid for every x ∈ R n , with the function v belonging to the Sobolev space H 2 (R n ) and satisfying the equation
Together with the asymptotics of the Mittag-Leffler function, this implies the relations
While the qualitative behavior of the kernel Y (α) is given by (2.5), to study u 3 we need an explicit representation [20] :
).
Here
the change in the order of integration was justified by an estimate of the Wright function given in Lemma 1 of [20] . Next, we use the identity
is the Macdonald function. We come to the identity
For x = 0, the function Γ α,n (x, t) has no singularity in t at the point t = 0, due to the exponential decay of the function ρ σ . As t → ∞ and x = 0 fixed, we can estimate ρ σ from above by (1.1), and the inequality (2.5) provides the upper estimate of Γ α,n (x, t) by const
This means that the left-hand side of (2.8) is holomorphic in s on the half-plane Re s > 0 and continuous in s on the closed half-plane Re s ≥ 0. The function in the right-hand side of (2.8) possesses the same properties, so that (2.8) holds for Re s ≥ 0. In particular, for any real ω, we have the equality
(2.9) Let us write
Next we study the asymptotic behavior of k(t, x), as t → ∞. We begin with the estimate
Estimating the last integral by the one over (0, ∞) we find that
where C does not depend on t.
Let us write the asymptotic formula for the Mittag-Leffler function [5, 11] in the form
We have
as t → ∞, for any x = 0. On the other hand,
By (2.11) and (2.12),
Now we recall (2.7) and use the dominated convergence theorem to show that
Our use of the dominated convergence theorem is based on the inequality (2.10) being performed in two stages. The domain of integration is decomposed into the union of {ξ : |x − ξ| ≤ 1} and {ξ : |x − ξ| > 1}. In the first integral we use the boundedness of F , while in the second integral we recall that F ∈ L 1 (R n ). By virtue of (2.9), the right-hand side of (2.13) equals
. Comparing this with the expression for the Green function of the Laplacian on R n (see [24] , Section 13.7), we obtain the required limit relation (1.2) where the function v satisfies (2.6). 2
An equation with a selfadjoint operator
In this section we consider the Cauchy problem
where A is a selfadjoint nonnegative operator (that is, A ≥ 0) on a Hilbert space H with the inner product (·, ·),
where E λ is the resolution of the identity (projection-valued spectral measure) corresponding to the operator A. Of course, our setting is a simple special case of the general theory of equations (3.1) (see [16] ) guaranteeing, in particular, the uniqueness of a solution.
We call a function u a strong solution of (3.1), if u ∈ C 1 ([0, ∞) (3.1) is given by the formula
is the Mittag-Leffler type function.
P r o o f. It is known (see Section 4.1.3 in [11] ) that the function
satisfies the scalar Cauchy problem D (α) y λ + λy λ = ϕ, y λ (0) = y λ (0) = 0.
If ϕ(τ ) = E α (i α ω α τ α ), we use an integration formula from ([5], page 2) and find that
Therefore the function (3.2) satisfies (3.1), if it is possible to apply D (α) t under the sign of integral in (3.2) . It is known ( [11] , (1.8.27)) that
This asymptotic relation shows that the function (t, λ) → λE α,α+1 (−λt α ) is bounded on the set {(t, λ) : |λt α | > 1}. On its complement, the function E α,α+1 (−λt α ) is obviously bounded. Therefore |λy λ (t)| ≤ C, so that the application of D (α) is legitimate. 2
For this setting, the principle of limiting amplitude is formulated as follows.
Theorem 3.1. Suppose that the point λ = 0 is not an eigenvalue for the operator A, and that f 0 ∈ D(A −1 ). Let u(t) be a strong solution of the problem (3.1) 
3)
in the sense of convergence in H.
By the orthogonality property of spectral decompositions
The integrand is a bounded continuous function. Since the function λ → (E λ f 0 , f 0 ) is continuous at λ = 0, it follows from the absolute continuity property of the Stieltjes integral (see Section 9.34 of [10] or Section 20 of [21] ) that u 1 (t) → 0, as t → ∞.
Next, for |λt α | > 1,
where |r 2 (t)| ≤ Ct −2α (see the asymptotics of E α,α+1 in [11] or [5] ). This results in the representation
As t → ∞,
as t → ∞. Using again the asymptotics of E α (i α ω α t α ), we get the relation (3.
3). 2
For H = L 2 (R n ), A = −Δ, with the domain D(A) = H 2 (R n ) and f 0 ∈ H 2 (R n ), Theorem 3.1 gives the principle of limiting amplitude with the convergence in the sense of L 2 (R n ).
Stabilization
Let u α (t, x), t ≥ 0, x ∈ R n , be a bounded solution of the Cauchy problem 
is the unique bounded classical solution of the problem (4.1); see [15, 20] . Without the above smoothness assumptions, we can investigate the function (4.2) interpreting it as a generalized solution of the problem (4.1). (see [20] ), it is sufficient to consider the case where c = 0. Suppose that u 0 satisfies the condition (1.3) with c = 0. Denote
where x ∈ R n is a fixed point. Given ε > 0, there exists N > 0, such that V x u 0 (r) < ε for r ≥ N.
(4.4)
Below we assume that n ≥ 3. The cases n = 1 and n = 2 can be treated similarly.
The kernel Z
In spherical coordinates, u α (t, x) = where I 1 and I 2 correspond to the integration over (0, N) and (N, ∞) respectively. By (4.4) and (4.6),
that is |I 2 | is small for all values of t. Meanwhile,
as t > t 0 , for some t 0 > 0. Therefore u α (t, x) → 0, as t → ∞, for each x ∈ R n . Conversely, suppose that u α (t, x) → 0, as t → ∞, for every x ∈ R n . Let us consider, simultaneously with the problem (4.1), the Cauchy problem for the heat equation,
with the same initial function u 0 . Let Z (1) (t, x − ξ) be the classical fundamental solution of this Cauchy problem. It follows from the subordination identity [1] that , 0 < γ < 1,
